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013.07.0Abstract The equivalent linearization method (ELM) is modiﬁed to investigate the nonlinear ﬂut-
ter system of an airfoil with a cubic damping. After obtaining the linearization quantity of the cubic
nonlinearity by the ELM, an equivalent system can be deduced and then investigated by linear ﬂut-
ter analysis methods. Different from the routine procedures of the ELM, the frequency rather than
the amplitude of limit cycle oscillation (LCO) is chosen as an active increment to produce bifurca-
tion charts. Numerical examples show that this modiﬁcation makes the ELM much more efﬁcient.
Meanwhile, the LCOs obtained by the ELM are in good agreement with numerical solutions. The
nonlinear damping can delay the occurrence of secondary bifurcation. On the other hand, it has
marginal inﬂuence on bifurcation characteristics or LCOs.
ª 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
Nonlinear airfoil ﬂutter is a typical self-excited vibration with
rich nonlinear dynamical behaviors, such as limit cycle oscilla-
tion (LCO), bifurcation, and chaos.1–4 Since not all the nonlin-
ear features can be predicted by numerical methods, lots of
analytic or semi-analytic techniques have been applied on air-
foil models, for example, the harmonic balance method
(HBM),5,6 the incremental harmonic balance (IHB) method,7,8
the perturbation-incremental method,9 the homotopy analysis
method,10 and the equivalent linearization method (ELM),11–14
to mention a few.84114211.
il.com (F. Chen), jikeliu@
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20The ELM has been widely applied to various nonlinear
vibration problems due to its simplicity and effectiveness. Fur-
thermore, the approximate solution of the equivalent linear
system has clear physical signiﬁcance, which can provide us
with convenience to analyze nonlinear dynamical behaviors.
One of the most important procedures of the ELM is to derive
an equivalent linear system by linearizing considered nonlin-
earities. Usually, the average method or the KBM method is
employed for obtaining equivalent linear quantities.3 Based
on an equivalent linear system, methods for linear ﬂutter anal-
ysis can be applied. For example, Liu and Zhao1 gained the
equivalent stiffness for cubic pitching nonlinearity by the aver-
age method. Later, Mickens11 proposed a method by combin-
ing equivalent linearization and the averaging technique. Lim
and Wu12 combined the ELM and the HBM for solving
strongly nonlinear vibration. Chen and Liu13 improved the
accuracy of equivalent stiffness by Lim’s method to analyze
the inﬂuences of quadratic pitching stiffness on a ﬂutter sys-
tem. Most recently, the ELM was extended to ﬂutter systems
with multiple nonlinearities, as suggested by Chen et al.14SAA & BUAA. Open access under CC BY-NC-ND license.
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ness, freeplay, and hysteresis have been extensively investi-
gated in nonlinear airfoil ﬂutter. Nonlinear damping,
however, has rarely been investigated. Note that nonlinear
damping may arise in hinge moment, damper, or solid fric-
tion.15–18 Nonlinear damping may also play a considerable
part in the behavior of nonlinear systems, especially strongly
coupled ﬂuid–structure systems.15 Via an experiment for tube
arrays, Meskell and Fitzpatrick16 pointed out that the resulted
self-excited LCO amplitude was determined by nonlinear
damping while linear damping dominated the instability ﬂut-
ter. After that, a method was suggested by Meskell17 for esti-
mating the damping parameters in lightly damped systems.
The inﬂuences of damping on limit cycles were also described
by Sinou and Jezequel.18 To the best of our knowledge, very
few investigations addressed the effect of nonlinear damping
on airfoil ﬂutter.
This study aims at extending the ELM to investigate the
ﬂutter system of an airfoil with structural nonlinear damping.
Special emphasis is put on the effectiveness of the ELM and
the inﬂuences of nonlinear damping on LCOs. The equivalent
linearization quantity of nonlinear damping is obtained by the
average method. The LCO frequency is chosen as an active
increment to produce bifurcation charts. Then, the LCOs
and bifurcation of the equivalent ﬂutter system are analyzed
in detail. Numerical examples validate the accuracy of the ex-
tended ELM.
2. Equations of motions
Fig. 1 shows the physical model of a two-dimensional airfoil,
which oscillates in the pitch and plunge directions. The plunge
deﬂection is denoted by h, positive if downward; the symbol a
denotes the pitch angle, positive if nose up. The length of the
mid-chord is b. The mass center (c.g.) resides at a distance
xab from the elastic axis (E). Besides, there is a distance ahb be-
tween the elastic axis and the mid-chord. The focal point F is
the aerodynamic center. Both of the distances are positive
when measured towards the trailing edge of the airfoil.
The coupled equations for the motions of the airfoil subject
to subsonic aerodynamics can be modeled in a non-dimen-
sional form as follows4,19
€nþxa€aþ21nx _n=Uþðx=UÞ2GðnÞ¼CLðtÞ=plþPðtÞb=mU2
xa€n=r2aþ€aþ21a _a=Uþð1=UÞ2MðaÞ¼ 2CMðtÞ=plr2aþQðtÞb=mU2r2a
(
ð1Þ
where n ¼ h=b is the non-dimensional displacement, and the
prime denotes the differentiation with respect to the non-
dimensional time t, which is deﬁned as t= Ut1/b (t1 is the real
time and U is a non-dimensional ﬂow velocity given byFig. 1 Physical model of a two-dimensional airfoil.U= V/bxa with V as the ﬂow speed); x is indicated by
x ¼ xn=xa, where xn and xa are the uncoupled natural fre-
quencies in the plunge and pitch modes, respectively; 1n and
1a are the damping ratios; G(n) and M(a) denote the nonlinear
terms of plunging and pitching, respectively; P(t) and Q(t) are
the externally applied force and moment; ra is the radius of
gyration about the elastic axis; m is the airfoil mass per unit
length while l is the airfoil-air mass ratio. CL(t) and CM(t) de-
note the coefﬁcients for lifting and moment, respectively. For
an incompressible ﬂow, CL(t) and CM(t) can be modeled by
CLðtÞ¼ p €nah€aþ _a
 
þ2p að0Þþ _nð0Þþð1=2ahÞ _að0Þ
n o
uðsÞ
þ2pR t
0
uðtrÞ _aðrÞþ€nðrÞþð1=2ahÞ€aðrÞ
n o
dr
CMðtÞ¼pð1=2þahÞ að0Þþ _nð0Þþð1=2ahÞ _að0Þ
n o
uðsÞ
þpð1=2þahÞ
R t
0
uðtrÞ _aðrÞþ€nðrÞþð1=2ahÞ€aðrÞ
n o
dr
þpah €nah€a
 
=2ð1=2ahÞp
2
_ap€a=16
8>>>>>><
>>>>>>:
ð2Þ
where the Wagner function u(s) is given by the Jone’s approx-
imation uðtÞ ¼ 1 w1ee1t  w2ee2t, with the constants
w1 = 0.165, w2 = 0.335, e1 = 0.0455, and e2 ¼ 0:3.20
Due to the existence of the integral terms in Eq. (2), Eq. (1)
is a system of integro-differential equations. Studying the dy-
namic behavior of the system analytically can be rather cum-
bersome. Lee et al.21 introduced four new variables for
eliminating the integral terms
w1 ¼
Z t
0
ee1ðtrÞaðrÞdr; w2 ¼
Z t
0
ee2ðtrÞaðrÞdr
w3 ¼
Z t
0
ee1ðtrÞnðrÞdr; w4 ¼
Z t
0
ee2ðtrÞnðrÞdr
Thus, Eq. (1) can then be rewritten in a general form con-
taining only differential operators as
c0€nþ c1€aþ c2 _nþ c3 _aþ c4nþ c5aþ c6w1 þ c7w2
þc8w3 þ c9w4 þ c10GðnÞ ¼ fðtÞ
d0€nþ d1€aþ d2 _nþ d3 _aþ d4nþ d5aþ d6w1 þ d7w2 þ d8w3
þd9w4 þ d10MðaÞ ¼ gðtÞ
8>>><
>>>:
ð3Þ
where the coefﬁcients c0, c1,   ,c10 and d0, d1,   ,d10 are given
in Ref. 19. Both f(t) and g(t) depend on initial conditions,
Wagner’s function, and the external forcing terms,
fðtÞ ¼ 2l 12 ah
 
að0Þ þ nð0Þ ðw1e1ee1t þ w2e2ee2tÞ þ PðtÞb
mU2
gðtÞ ¼  1þ 2ah
2r2a
fðtÞ þ QðtÞ
mU2r2a
8><
>:
Generally, the identiﬁcation of the nonlinearities on the air-
foil is very complicated. The nonlinear damping terms are usu-
ally assumed to be proportional to the cubic power of
velocity.22 In this study, we consider the system with cubic
damping as
GðnÞ ¼ knnþ en _n3
MðaÞ ¼ kaaþ ea _a3
(
ð4Þ
where kn, ka, en and ea are all constants.
Introduce a variable vector X ¼ x1 x2    x8½ T with
x1 = a, x2 ¼ _a, x3 = n, x4 ¼ _n, x5 = w1, x6 = w2, x7 = w3
Flutter analysis of an airfoil with nonlinear damping using equivalent linearization 61and x8 = w4. Assume there is no external forcing, i.e.,
P(t) = Q(t) = 0 in Eq. (1). For large values of t, when the sys-
tem exhibits a steady motion, we can let f(t) = g(t) = 0. Then,
Eq. (3) can be written as a set of eight ﬁrst-order ordinary dif-
ferential equations (ODEs) described in a vector form
_X ¼ LðUÞXþNðX;UÞ ð5Þ
where L(U)and N(X, U) are the coefﬁcient matrix for the linear
and nonlinear parts, respectively. As a result of this reduced-
order method, the numerical computation can now be applied
in analyzing the original aeroelastic system. For more details
of system Eq. (5), please refer to Ref. 19 or Ref. 213. ELM
In the ELM, the equivalent linear quantities by the average
method can be expressed as
keq ¼  1pA
Z 2p
0
fðA cosu;Ax sinuÞ cosudu ð6Þ
ceq ¼ 1pAx
Z 2p
0
fðA cosu;Ax sinuÞ sinudu ð7Þ
where x is the LCO frequency corresponding to the wind
speed, A denotes the complex amplitudes of pitch.
Considering the nonlinear terms as Eq. (4), we can deduce
the equivalent linear quantities for cubic nonlinear damping
according to Eqs. (6) and (7) as follows
cneq ¼ q1enH2x2; kneq ¼ kn
caeq ¼ q2eaA2x2; kaeq ¼ ka
(
ð8Þ
where q1 and q2 are constants, the values of which are usually
chosen as q1 = q2 = 3/4, H denotes the complex amplitudes of
plunge.
Substitution of Eq. (8) into Eq. (4) results in
GðnÞ ¼ knnþ cneq _n
MðaÞ ¼ kaaþ caeq _a
(
ð9Þ
Substituting Eq. (9) in Eq. (3), the equivalent linear equations
can be given as
c0€nþ c1€aþ ðc2 þ c10cneqÞ _nþ c3 _aþ ðc4 þ c10knÞnþ c5aþ c6w1
þc7w2 þ c8w3 þ c9w4 ¼ 0
d0€nþ d1€aþ d2 _nþ ðd3 þ d10caeqÞ _aþ d4nþ ðd5 þ d10kaÞa
þd6w1 þ d7w2 þ d8w3 þ d9w4 ¼ 0
8>><
>>:
ð10Þ
Under the assumption of harmonic motion, the LCO
amplitude can be expressed by
n ¼ Heixt
a ¼ Aeixt

ð11Þ
Substituting Eq. (11) into Eq. (10), one can obtain the ﬂutter
determinant
C1 C2
C3 C4
				
				 ¼ 0 ð12Þ
whereC1 ¼ c0x2 þ ðc4 þ c10knÞ þ c8=ðe1 þ xiÞ þ c9=ðe2 þ xiÞ
þðc2 þ c10cneqÞxi
C2 ¼ d0x2 þ d4 þ d8=ðe1 þ xiÞ þ d9=ðe2 þ xiÞ þ d2xi
C3 ¼ c1x2 þ c5 þ c6=ðe1 þ xiÞ þ c7=ðe2 þ xiÞ þ c3xi
C4 ¼ d1x2 þ ðd5 þ d10kaÞ þ d6=ðe1 þ xiÞ þ d7=ðe2 þ xiÞ
þðd3 þ d10caeqÞxi
8>>>><
>>>>:
Separating the imaginary and real parts of Eq. (12), for
x „ 0, we can deduce the following equations:
c4 þ c10kn  c0x2 þ c8e1= e21 þ x2
 þ c9e2= e22 þ x2 
 
 d5 þ d10ka  d1x2 þ d6e1= e21 þ x2
 þ d7e2= e22 þ x2 
 
 c2x c8x= e21 þ x2
  c9xÞ= e22 þ x2 þ c10cneqx
 
 d3x d6x= e21 þ x2
  d7x= e22 þ x2 þ d10caeqx
 
 c5  c1x2 þ c6e1= e21 þ x2
 þ c7e2= e22 þ x2 
 
 d4  d0x2 þ d8e1= e21 þ x2
 þ d9e2= e22 þ x2 
 
þ c6x= e21 þ x2
  c3xþ c7x= e22 þ x2 
 
 d8e1= e21 þ x2
  d2xþ d9x= e22 þ x2 
  ¼ 0 ð13Þ
d3  d6= e21 þ x2
  d7= e22 þ x2 þ d10caeq
 
 c4 þ c10kn  c0x2 þ c8e1= e21 þ x2
 þ c9e2= e22 þ x2 
 
þ c2  c8= e21 þ x2
  c9= e22 þ x2 þ c10cneq
 
 d5 þ d10ka  d1x2 þ d6e1= e21 þ x2
 þ d7e2= e22 þ x2 
 
þ d8= e21 þ x2
  d2 þ d9= e22 þ x2 
 
 c5  c1x2 þ c6e1= e21 þ x2
 þ c7e2= e22 þ x2 
 
þ c6= e21 þ x2
  c3 þ c7= e22 þ x2 
 
 d4  d0x2 þ d8e1= e21 þ x2
 þ d9e2= e22 þ x2 
  ¼ 0 ð14Þ
H
A
¼ c0x
2ðc4þ c10knÞ c8=ðe1þxiÞ c9=ðe2þxiÞðc2þc10cneqÞxi
c1x2þ c5þ c6=ðe1þxiÞþ c7=ðe2þxiÞþ c3xi
ð15Þ
The ﬂutter velocity, frequency, and amplitude can be deter-
mined by solving Eqs. (8), (13)–(15). As there are 6 unknowns
in 5 equations, the equations are indeterminate. In order to
determine the solutions, we can implement the routine proce-
dures of the ELM.
Step 1 Assume A as a positive constant, and then set the
non-dimensional ﬂow velocity U and the LCO fre-
quency x as variables. Eq. (15) describes the relation
between A and H.
Step 2 Combining Eqs. (8), (13), and (14), one can obtain a
group of x corresponding to one value of A. Choose
the real value of x as the appropriate frequency.
Step 3 Solving U by substituting the real value of x and A
into Eq. (13). Thus, the curve of U versus A can be
drawn.
This approach is employed routinely in producing bifurca-
tion charts by ELM. However, one problem of the above pro-
cedures is that it will cost many computational resources on
ﬁltering the correct frequency from various results in Step 2.
Here, we present a modiﬁed approach as follows:
Fig. 3 Comparison of LCO frequency for Example I.
Fig. 4 Bifurcation charts provided by the two different
approaches for Example I.
Table 1 Comparison of computational time spent on drawing
the bifurcation chart by employing the two approaches,
respectively.
Parameter The ﬁrst approach The second approach
62 F. Chen et al.Step 1 Assume the frequency x as a positive constant, and
then set U and A as variables.
Step 2 Substituting Eq. (8) into Eqs. (13) and (14), the alge-
braic equations about U and A can be deduced.
Step 3 Solving these equations, one can obtain the relation
between U and A.
The bifurcation charts can be drawn through one of the
above approaches. Compared with the ﬁrst one, the second ap-
proach can avoid the ﬁltering process of various approxima-
tions for frequency. The efﬁciencies of the two solution
approaches will be examined.
4. Numerical examples
In this section, the numerical solutions obtained by the Run-
ge–Kutta method will be used to validate the ELM results.
The system parameters under consideration are l= 100,
ra = 0.5, ah = 0.5, 1a ¼ 1n ¼ 0, x ¼ 0:25, xa = 0.25, and
the value of U varies.
Example I kn = ka = 1, en = 0, ea = 80.
As one can see in Fig. 2, there is a subcritical Hopf bifurca-
tion on the critical ﬂutter speed (Uf = 6.0385). Two LCOs
arise before Uf. The upper one is stable and the other is unsta-
ble. Intuitively, an LC is considered as stable as it can be
tracked by time-marching integration. Otherwise, it is unsta-
ble. As q2 is chosen as 0.75, the stable LCOs obtained by
ELM approximate the numerical ones with a relative error be-
low 15%. The unstable results from ELM are in nice agree-
ment with the solutions obtained by the IHB method with 9
harmonics. Fig. 3 shows the LCO frequency from ELM agrees
well with the numerical results. As U increases, the frequency
of stable LCO reduces while that of unstable LCO increases.
It should be pointed out that, although the ELM is not appeal-
ing in quantitative analysis for this case, it can track the main
characteristics of the bifurcations. The reason for the low accu-
racy will be analyzed by comparing with another example.
The validity and efﬁciency are analyzed for the above two
approaches when applied to draw bifurcation charts. Accord-
ing to Fig. 4, the solutions provided by the two approaches
(the ﬁrst one by assuming A as an active increment, the second
one by assuming x as an active increment) are consistent withFig. 2 Comparison of LCO amplitudes for Example I.
Active increment region A= [0:30] x= [0.09:0.03]
Step size 0.5 0.001
Runtime (s) 158.8 6.232
Calculation points 61 61each other. Table 1 shows that the modiﬁed approach (the sec-
ond one) is much more efﬁcient than the ﬁrst one. Compared
with the modiﬁed approach, the ﬁrst method spends much
more computational resources on properly selecting approxi-
mate solutions. Therefore, the original ELM needs much more
runtime.
Example II kn = ka = 1, en = 80, ea = 0.
In this example, we consider cubic plunging damping by
choosing en = 80. Fig. 5 shows the curve of U–H with
cneq ¼ 3
4
enH
2x2. Note that, in this case, very good agreement
Fig. 7 Comparisons of LCOs’ phase plane obtained by ELM
and by numerical methods with U= 7.
Flutter analysis of an airfoil with nonlinear damping using equivalent linearization 63can be observed between the ELM results and the numerical
ones. The critical ﬂutter wind speed can be found at
Uf = 6.0385. In addition, a subcritical Hopf bifurcation arises
at the critical point. A turning point occurs at UC = 5.780 or
so, at which the unstable LCO gains its stability. The frequen-
cies provided by the ELM are shown in Fig. 6. They agree well
with the numerical ones. Both Figs. 5 and 6 can validate the
ELM.
It is worthy of pointing out that the ELM provides much
more accurate approximations for Example II than for Exam-
ple I. According to Eq. (11), in the solution process of the
ELM, the LCOs of the airfoil are assumed to be harmonic.
Therefore, the accuracy for the ELM depends on how closely
the LCOs approach harmonic motions. Fig. 7 shows the phase
planes of LCOs for both of the two examples obtained by
numerical solutions and ELM, respectively. For Example I,
there is a great difference between the true LCO and the
ELM solution. Note that the ELM approximation is harmonic
no matter it is accurate or not. As for Example II the true LCO
can be roughly considered as harmonic.
In order to evaluate the inﬂuence of cubic nonlinear damp-
ing on the airfoil motions, both cubic damping and stiffness
are applied to the origin nonlinear system (3), i.e.,
MðaÞ ¼ aþ 80 _a3 þ 80a3. According to Fig. 8, the difference
caused by nonlinear damping occurs only at the secondaryFig. 5 Comparison of LCO amplitudes for Example II.
Fig. 6 Comparison of LCO frequencies for Example II.
Fig. 8 Bifurcations for the ﬂutter system with different nonlinear
terms obtained by numerical example.bifurcation. The appearance of the secondary bifurcation is de-
layed. Note that the ELM is incapable of tracking the second-
ary bifurcation at its present state. Fig. 9 presents a typical case
representing supercritical Hopf bifurcation obtained by ELM
and the numerical example, respectively. When cubic nonlinear
stiffness and damping are adopted simultaneously, the system
preserves the proﬁle of the bifurcations. The ﬁrst bifurcation
appears as a supercritical Hopf bifurcation.
5. Conclusion
The ELM has been modiﬁed, via incrementing the LCO fre-
quency, to analyze the bifurcation of the airfoil ﬂutter system
with nonlinear damping. Numerical examples show that the
LCO amplitudes and frequencies can be obtained approxi-
mately by the modiﬁed ELM. Furthermore, it is much more
efﬁcient to track the bifurcation charts by using the modiﬁed
approach than by the routinely used procedures. The modiﬁed
approach could be applicable in more nonlinear systems, espe-
cially those with nonlinear damping.
Fig. 9 The ﬁrst bifurcation of the system including both cubic
nonlinear stiffness and damping in pitch (e.g., MðaÞ ¼ aþ 80 _a3þ
80a3, G(n) = n).
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